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Isaac Newton: the first successful gravity theory

Philosophiae Naturalis Principia Mathematica (1687) 
Establishes classical mechanics 
Three laws of motion 
Universal gravity theory  
Derives Kepler’s laws 
Develops Calculus 

1642 – 1726/7 



Newton’s gravity theory: strengths and limitations

 Strengths: 

Unique logical framework for both 
the celestial and everyday life 
motions  

Poweful tool, allowing Le Verrier to 
predict the planet Neptune from 
the motion of the planet Uranus 

Remarkably precise on the Earth 
(for weak gravity  

and slow motions) 

Simple: one single scalar field 

Limitations: 

Assumes aether 

The motion of the planets deviates  
     from the Newtonian prediction  
     (excess in the perihelion shift) 

Not precise enough even on the Earth if one 
desires to use GPS 

its accuracy of 15 m requires  
50 ns temporal precision 
SR: time dilation  

-7 μs / day 
GR: gravitational blueshift  

45 μs / day 
 Combined Inaccuracy of  

11.4 km / day 

Infinite propagation speed 

ε =
Gm
c2r

≈
v2

c2
≪ 1



General relativity, Einstein’s gravity theory

1. Matter tells space-time how to curve 
(Einstein equation) 

2. Space-time tells matter, how to move 
(geodetic equation) 



The success of General Relativity
Solar System & other tests      Hulse-Taylor pulsar                     Double pulsar 
  

                                                                                                                               40s change in 30 years!!    (4x10-8) 
                                                                                      

                                                                                                                Gravity Probe B 

  
            www.icg.port.ac.uk/cosmological-tests-of-gravity/            

                                                                                                           Everitt, C.W.F.; Parkinson, B.W. (2009).
                                                                                               "Gravity Probe B Science Results—NASA Final Report"

                                                                       
                                                                                                                                                                                                                                     https://www.nrao.edu/news/newsletters/enews/enews_1_2/einstein.shtml 
                                                                                       

http://www.icg.port.ac.uk/cosmological-tests-of-gravity/
http://einstein.stanford.edu/content/final_report/GPB_Final_NASA_Report-020509-web.pdf
https://www.nrao.edu/news/newsletters/enews/enews_1_2/einstein.shtml


The success of General Relativity: Gravitational waves 
O1 and O2

O3

BNS: GW170817



The success of GR: Event Horizon Telescope - M87 Pōwehi

https://iopscience.iop.org/article/
10.1088/1742-6596/131/1/012053/pdf?
fbclid=IwAR258WA8ofbOCkeFwO3HuaD9yZQ0V
4FNE9MGCsmj1r_y229EuuqgtJnbNuI


slide by Cecília Gergely

https://iopscience.iop.org/article/10.1088/1742-6596/131/1/012053/pdf?fbclid=IwAR258WA8ofbOCkeFwO3HuaD9yZQ0V4FNE9MGCsmj1r_y229EuuqgtJnbNuI
https://iopscience.iop.org/article/10.1088/1742-6596/131/1/012053/pdf?fbclid=IwAR258WA8ofbOCkeFwO3HuaD9yZQ0V4FNE9MGCsmj1r_y229EuuqgtJnbNuI
https://iopscience.iop.org/article/10.1088/1742-6596/131/1/012053/pdf?fbclid=IwAR258WA8ofbOCkeFwO3HuaD9yZQ0V4FNE9MGCsmj1r_y229EuuqgtJnbNuI
https://iopscience.iop.org/article/10.1088/1742-6596/131/1/012053/pdf?fbclid=IwAR258WA8ofbOCkeFwO3HuaD9yZQ0V4FNE9MGCsmj1r_y229EuuqgtJnbNuI


What is the problem with GR then?

Both DM and DE interact only gravitationally                  

               Need to modify GR ! 

Dark energy:    Cosmological constant? 

But this vacuum energy density is 60 orders of 
magnitude smaller than the theoretical prediction 
of zero-point energy in quantum field theory 

No dark matter detected:

2000 - MACHO (microlensing) 
2014, 2016 - WIMP particles (LUX, PandaX-II, 

Xenon100) 
2015 - Axions (Axion Dark Matter Experiment, 

Centre for Experimental Nuclear Physics 
and Astrophysics (CENPA), University of 
Washington) 

2016 - Sterile neutrinos (IceCube) 
2016 - Extra dimensions (LHC)  
2016 - Supersymmetric particles (LHC)

But keep the Solar System and other tests valid ! 



What else is the problem with GR?
3 ) Highly non-renormalizable,  

can not be formulated as a QFT as for the other fundamental forces,  
can not directly be embedded into the standard model of particle physics  

4) Early Universe inflation requires additional field(s), 
best fit with CMB data given by Einstein gravity with an inflaton field  
(slow-roll model with a concave potential) 
Y. Akrami et al. [Planck Collaboration], “Planck 2018 results. X. Constraints on inflation,” arXiv:1807.06211 [astro-ph.CO].  

5) Tensions in the determination of the Hubble-parameter 
CMB measurements from Planck:  

                          km/s/Mpc 
SNIa measurements from SHoES21:  

                           km/s/Mpc 
GW170817 luminosity distance and optical transient: 

                  km/s/Mpc 

6) Problems in defining gravitational  
energy-momentum, null boundary terms in the  
action, occurrence of singularities… 

70.0+12.0
−8.0

73.24 ± 1.74

67.74 ± 0.46



How to go beyond GR?
By relaxing one of the fundamental hypotheses of the Lovelock 
theorem that makes Einstein theory unique:  

- invariance under diffeomorphisms,  

(ex: Lorentz-invariance breaking, massive gravity) 

- locality,  

- pure metric formulation in four space-time dimensions  

(add new fields, representing gravity, ex: scalar-tensor theories) 

In general they contain one or more extra d.o.f-s, used to 

- describe dark energy (fifth force) 

- make the theory renormalizable (cure the UV problem of GR)



For massive graviton 
dispersion relations: 

Compton-wavelength:  

Speed (energy) dependent frequency (wavelength): 

Newtonian potential with Yukawa-corrections        

Modified GW phase: 

(in LCDM, influence on binary dynamics neglected) 
                                             
                               C. M. Will, Phys. Rev. D 57, 2061 (1998). 

GW Test 1: Massive graviton modifies dispersion relations
 —> From the arrival time-

difference between the two 
LIGO detectors the 
Compton-wavelength of 
graviton is constrained 
from below: 1013 km !   

φ(r) =
GM

r [1 − e− r
λg ]

ΦMG( f ) = − (πDc)/[λ2
g(1 + z)f ]

E2 = p2c2 + m2
gc4

λg = h /(mgc)

v2
g /c2 ≡ c2p2 /E2 ≃ 1 − h2c2 /(λ2

g E2)



GW Test 2: Local Lorentz-invariance confirmed
Modified dispersion relation: 

Massive graviton theories: 
Multifractal space-times: 
Doubly special relativity: 
Hořava-Lifsic and extra dimensions:  

Speed (energy) dependent  
frequency (wavelength): 

Lorentz-invariance violation and massive 
graviton could be tested in the same time ! 

Compare to experim. limits on gluon mass 
< 2x10-4 eV/c2 !! 

Strong constraint on Lorentz-
invariance violation from GW-s ! 

From first 3 detected GW-s:



GW Test 3: PN coefficients checked

Inspiral-merger-ringdown test:  
Modified waveforms in parametric form 

GW did not deviate significantly from 
GR prediction !   

Confirmed the values of the PN 
coefficients ! 

Note: Brans-Dicke theory would generate 
a new kind of PN coefficient, still GWs 
gave much milder constraint on the BD 
parameter, than Solar System tests



GW Test 4: polarisation check
waveform =   Σi antenna functioni  x polarisation modei 

Preliminary result (toy-model): 

GW purely vector                                                             reduces degeneration  
(Bayes-factor 200 times smaller)                                   among antenna functions  
GW purely scalar                                       
(Bayes-factor 1000 times smaller                    
 than the one given by GR)  
GW purely tensorial 

More serious analysis needed, combining  
such DoF and looking for the probability of 
their coexistence in various compositions 

    

Phys. Rev. Lett. 119, 141101 (2017) 



Gravitational scalar-tensor theories
Horndeski-theory: the most general scalar-tensor theory with at 
most second order dynamics for both the scalar and the metric 
G.W. Horndeski, Int. J. Theor. Phys. 10, 363 (1974) 
C. Deffayet, G. Esposito-Farese, A. Vikman, Phys. Rev. D 79, 084003 (2009) 
C. Deffayet, S. Deser, G. Esposito-Farese, Phys. Rev. D 80, 064015 (2009) 

Includes:  
GR, quintessence, k-essence, Brans-Dicke, f(R), galileon … 

The effective field theory of cosmological perturbations relies on an 
action depending of geometric scalars. 
It leads to second order dynamics, however space derivatives could be 
of higher order – it includes Horndeski 
J. Gleyzes, D. Langlois, F. Piazza, F. Vernizzi, J. Cosmol. Astropart. Phys. 08 (2013) 025. 

GLPV theories / beyond Horndeski theories 

Explores the choice of unitary gauge under cosmological 
symmetries – time is chosen as the scalar field itself



Screening mechanisms: decoupling the scalar d.o.f. 

below the Solar System scale


Some suppress the scalar charge below the Solar System scale: 

Chameleon: 

Symmetron: 

Other suppress the scalar field gradient: 

K-mouflage:  

Vainshtein: 



Vainshtein mechanism

The Newtonian force profile of a mass M in Horndeski theories: 

                                                 positive>1 

                                                            Vainshtein-radius 

    fifth force (from the scalar field) coupling 
  

Below the Vainshtein radius the fifth force fades away 

L5 is disruled by the requirement to recover Newtonian gravity at 
short distances (Solar System scale) 

For the Sun rV is of  
order of 102 parsecs,  
difficult to test: 



From GW170817 the GW propagation speed is c


From the time-lag of 1.7 s 
difference between the speed 
of gravity and the speed of light: 



Constraints on Horndeski theory from GW170817
GW propagation speed agrees with the 
speed of light at the order of one part 
in quadrillionth at low redshifts  
1. Theories with dependence of the 

kinetic term X in the coupling of 
the Ricci curvature R and 
Einstein tensor Gmn in L4 and L5 
are disruled  

2. L5 does not depend on Φ either 
(except through its derivatives) 

3. due to the Bianchi identities, the 
whole L5 vanishes 

Kobayashi, T.; Yamaguchi, M.; Yokoyama, J., Prog. Theor. 
Phys. 2011, 126, 511–529. 
De Felice, A.; Tsujikawa, S., JCAP 2012, 007. 
Baker, T.; Bellini, E.; Ferreira, P.G.; Lagos, M.; Noller, J.; 
Sawicki, I., Phys. Rev. Lett. 2017, 119, 251301. 
Ezquiaga, J.M.; Zumalacarregu, M., Phys. Rev. Lett. 2017, 
119, 251304. 
Creminelli, P.; Vernizzi, F. Phys. Rev. Lett. 2017, 119, 
251302.



Constraints on beyond Horndeski theories from X-ray and 
lensing profiles




Constraints on beyond Horndeski theories from X-ray and 
lensing profiles


Three parameters appear in them.  
Two combinations constrained: 

Strong constraints on both the fifth 
force and lensing parameters, 
consistent with GR ! 

Lensing mass is sensitive to 

Surface brightness measured in 
X-ray data (hydrostatic mass) 
sensitive to        alone 



Constraints from clusters, dwarf stars and propagation 
speed of GWs 

From GW170817   

   
is negligible,  
2 parameters remain!  

Cluster constraints and  
dwarf star constraint  
(the mass allowing for hydrogen  
burning, e.g. for brown dwarf  
formation has a maximum)  
reevaluated: 

Freedom in the parameters for deviations from GR still lives 



Constraints and their prospects  
5 parameters for deviations from LCDM of the beyond Horndeski theories: 

Last one is approximately zero due to GW observations 
Third and fourth constrained by astrophysical measurements 
First gives the running of the Planck mass  
  – constrain it from time variations of the Newton constant 
Second the kinetic term for the scalar 
  - constrain it from Strong Equivalence Principle violation 

They are the parameters of the EFT of dark energy 
Constraining them better is one of the goals of the future missions  
        DESI,              LSST,            Euclid      and      WFIRST 
             2019                     2019                                       2021                                    2025? 
Dark Energy Spectroscopic       Large Synoptic                 Euclid Mission (ESA  Wide Field Infrared 
Instrument (Arizona)             Survey Telescope (Chile)    & Euclid Consortium) Survey Telescope (NASA) 



EFT action: 

Scalars from embedding variables: 

Variations to second order: 

variation of the metric determinant: 

Stability analysis example: perturbations of spherically 
symmetric static BHs in scalar-tensor gravity

 
conformal transformation 
between the 2-dimensional metrics:

conformal-factor

“radial unitary” gauge



First order variation of the EFT action: 

Equations of motion:

Equations of motion for the background

arising from the  
non-orthogonality 
of the employed  
double foliation



Unambiguous gauge-fixing for scalar perturbations of both the metric 
tensor and scalar field on a spherically symmetric, static background.                                                                
C. Gergely, Z. Keresztes, L. Á. Gergely, Gravitational dynamics in 2+1+1 decomposed space-time along nonorthogonal double foliations. Hamiltonian 

evolution and gauge fixing, Phys. Rev. D, in press (2019) 

Perturbed metric (overbar = unperturbed quantities): 

Choices on the background:                               (evolutions perpendicular to Σtχ) 

                                                            (perpendicular double foliation)  
 
                                                            (constant scalar field on         ) 

Scalar perturbations for GLPV black holes: gauge fixing

R. Kase, L. Á. Gergely, S. Tsujikawa, Effective field 
theory of modified gravity on the spherically 
symmetric background:  Leading order dynamics 
and the odd-type perturbations Phys. Rev. D  90, 
124019 (2014) 



Transformations of the metric and scalar 
under diffeomorphisms: 
(overhat = perturbation after diffeomorphism)

Even/odd decomposition and transformation
Helmholz-type decomposition of the shift vectors and metric tensor into 
scalars (even), curl-free (even) and divergence-free (odd) parts:

in 
de

ta
il



perturbation of 2D-metric = conformal rescaling

Gauge choice

Choice of       :   (1) for orthogonal foliation 

contains an arbitrary function,  
hampering the physical interpretation of perturbations 

(2) for non-orthogonal foliations
unambiguous gauge-choice:

After gauge-fixing the discussion of perturbations possible 

even sector:                                                    odd sector:
 Zerilli-type                                                                          Regge-Wheeler-type 

																																										F.	Zerilli,	Phys.	Rev.	D	9,	860	(1974)																																																																																								T.	Regge,	J.	A.	Wheeler,	Phys.	Rev.	108,	1063	(1957)	

(only they have first order contributions)



Comparison of gauge choices
T. Regge, J. A. Wheeler, Stability of a Schwarzschild Singularity, Phys. Rev. 108, 1063 (1957).  
GR, time-independent Schrödinger-equation with an effective potential

Stable w.respect to perturbations

T. Kobayashi, H. Motohashi, T. Suyama, Black hole perturbation in the most general scalar-tensor theory with second-order 
field equations I: The odd-parity sector, Phys. Rev. D 85, 084025 (2012) [arXiv:1202.4893 [gr-qc]]. 
T. Kobayashi, H. Motohashi, T. Suyama, Black hole perturbation in the most general scalar-tensor theory with second-order 
field equations II: the even-parity sector, Phys. Rev. D 89, 084042 (2014) [arXiv:1402.6740 [gr- qc]]. 
Horndeski, stability analysis, only 3 RW variables 

R. Kase, L. Á. Gergely, S. Tsujikawa, Effective field theory of modified gravity on spherically symmetric background: 
leading order dynamics and the odd mode perturbations, Phys. Rev. D 90, 124019 (2014) [arXiv:1406.2402 [hep-th]]. 
EFT, odd sector stability analysis, nonphysical variables in the even sector

C. Gergely, Z. Keresztes, L. Á. Gergely, Gravitational dynamics in 2+1+1 decomposed space-time along nonorthogonal 
double foliations. Hamiltonian evolution and gauge fixing, Phys. Rev. D, megjelenés alatt (2019). 
EFT, 4 RW variables + 1 d.o.f. due to the scalar 

RW 

KMS 

KGT 

GKG



Odd sector analysis: Q, W
Odd sector unaffected, by the arbitrary function F, has been 

discussed in the framework of the orthogonal double foliation:  

4th order equations for the evolution of perturbations: 

  

where: 

R. Kase, L. Á. Gergely, S. Tsujikawa, Effective field theory of modified gravity on the spherically symmetric background:  
Leading order dynamics and the odd-type perturbations Phys. Rev. D 90, 124019 (2014) 



Multipolar decomposition
Decomposition in terms of spherical harmonics: 

Reduce the differential order to 2 by exploring the identities: 

2nd order system for each mode: 
  2nd order time derivative -> dynamical eq. 

   
  1st order time derivative —> Lagrangian constraint 



    last term is l-dependent 
    —>            to avoid                                                                    

propagation speed to be                                        mode-
dependent (holds in  

     both Horndeski and                                                                   
GLPV) 

Monopolar mode: trivial, appear only in total divergences in Lag.  
Dipolar mode: non-dynamical, constant in time 
Higher order mode solutions parametrically given as: 

Second-order correction in the Lagrangian: 

                         

Monopolar, dipolar, higher-order modes



- Condition to avoid scalar ghosts:  
- Dispersion relations in the radial direction and along the sphere in 

the high-frequency / geometrical optics / large wave number limit: 

- Sound velocity-squares :          
(defined as change of tortoise  
coordinate in proper time) 

- Conditions to avoid Laplacian instabilities:  

 - was applied to both covariantized and covariant galileon models 

Ghost modes, stability analysis



• GR is well established, both on theoretical grounds and through observations 
• Plagued by necessity to introduce fields, which only interact gravitationally 

(inflaton, dark matter, dark energy), hence it is de facto modified 
• Modifications have to give up on one of these: A) Lorentz-invariance, B) local 

physics, C) exclusivity of the metric tensor 
• GW dispersion relations, propagation speed mostly disrule A) and constrain C), in 

imposing one parameter of the EFT of dark energy to vanish 
• Further astrophysical tests (from X-ray and lensing profiles of galaxy clusters) 

constrain 2 other parameters of the EFT of dark energy  
                             room for deviation from GR at large scale 
• The last two parameters to be constrained from time variation of the Newton 

constant and violation of the Strong Equivalence principle (DESI, LSST, Euclid 
and WFIRST missions) 

• Until then: Theoretical requirement of stability of perturbations. Illustrated here for 
perturbations of static, spherically symmetric BHs in scalar-tensor theories 

• Stability requirements: i) no Ostrogradski ghosts, ii) no kinetic ghosts, iii) no 
Laplace instabilities, iv) no tachyons  

• But other, yet unconstrained modified gravity theories around the corner: 
generalisations of the teleparallel equivalents of GR 

Summary



• GR expresses gravity in terms of 
space-time curvature and free 
particles move on geodesics 

• But a generic connection has the 
decomposition: 
 
 
 

    Lévi-Civita      
connection gives GR    

                             contortion     disformation 

     
                                     
    torsion                       nonmetricity 

• Teleparallel reformulation: no 
space-time curvature, but torsion 
or nonmetricity; free particles are 
subject to gravitational forces 

• Modifications of the 3 types of 
reformulations are inequivalent!  

The future of modified gravity?

S. Bahamonde, F. Dialektopoulos, J Levi Said: arXiv:1904.10791 [gr-qc]

https://arxiv.org/abs/1904.10791



